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Abstract: We present a novel twistor formulation of the ten-dimensional massless super-
particle. This formulation is based on the introduction of pure spinor variables through a
field redefinition of another model for the superparticle, and in the new description we find
that the super-Pauli-Lubanski three-form naturally arises as a constraint. Quantization is
studied in detail for both models and they are shown to correctly describe the D = 10
super-Yang-Mills states.
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1 Introduction
After the advent of the twistor string construction [1, 2], twistor techniques and formulas in
four dimensional field theory were rapidly developed [3–5] and have proven to be a powerful
toolbox for computing scattering amplitudes and thus understanding quantum field theory
in a more efficient way compared to traditional approaches. In this regard, special advances
have been uncovered for N = 4, D = 4 super-Yang-Mills theory, and since such theory can
be obtained from D = 10 super-Yang-Mills via dimensional reduction, it is tempting to ask
if similar twistor constructions exist in higher dimensions. In this respect, pure spinors have
been argued to be the natural extension of twistors to higher dimensions, whether by trying
to generalize Penrose’s original construction in four dimensions [6–11], or by considering
the relation between integrability along pure spinor/light-like lines and super-Yang-Mills
[12, 13]. Pure spinors have also been shown to be useful for covariant quantization of
superstrings in a manifestly supersymmetric way [14], and has allowed much progress in the
computation and understanding of string amplitudes [15–20]. Thus, it becomes promising
to consider pure spinors to try to generalize the results of the original four-dimensional
twistor string program to ten dimensions, where superstring theory naturally lives.
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In resonance with these ideas, Berkovits attempted in [21] a twistor-like construction
in ten dimensions from which the three-point super-Yang-Mills “stripped amplitude”1 was
recovered and some relations to the standard pure spinor formalism were pointed out. The
construction relies on the use of the supertwistor variables
ZI = (λα, µα, Γm), Z¯I = (µ¯α, −λ¯α, Γ¯m), (1.1)
where λα is a pure spinor, λ¯α is a 16-component Majorana-Weyl spinor, and Γm is a
fermionic vector. The variables defining Z¯I correspond to the canonical conjugates to the
variables defining ZI , and by definition they are required to solve the constraints
λµ = 0, (λγmnµ) + 4ΓmΓn = 0, Γm(λγm)α = 0. (1.2)
Despite the former achievements, the twistor-like construction as strictly developed
in [21] lacked an action principle, and thus some of the ingredients were just proposed
using insights from ordinary pure spinor strings. Finding an origin for these elements from
first-principles was then left as an open problem.
In this work we will present a model for the ten-dimensional massless superparticle
[22] -which we call the pure spinor twistor superparticle- that readily makes use of the
pure spinor twistor variables (1.1), and naturally incorporates the elements introduced in
[21]. For this purpose, we start from yet another model of the superparticle developed by
Berkovits in [23] and establish a consistent map between the two models. The Berkovits’
superparticle construction is based on the introduction of a spinor Λα which solves the
massless condition P 2 = 0 as Pm = ΛγmΛ in virtue of the special ten-dimensional identity
(γm)α(β(γm)γδ) = 0. The spinor Λα is constrained in order to reproduce the correct number
of degrees of freedom for Pm. Before presenting the relation between the two models, we
study the canonical quantization and BRST quantization of Berkovits’ model. The classical
bosonic piece of the BRST operator was effectively worked out in [24], and here we will
present the full quantum supersymmetric BRST operator and quantization.
As a result of the relation between the two superparticle descriptions, we will see that
the constraints that the pure spinor twistor superparticle must satisfy are
J := µ¯λ− λ¯µ+ Γ¯mΓm = 0, (1.3)
B :=
1
2
[
(λ¯γmλ¯)Γm − (λγmλ¯)Γ¯m
]
= 0, (1.4)
M˜mnp := P[pNmn] +
1
12
(q˜γmnpq˜) = 0. (1.5)
The constraints J and B were already considered in [21] as the projective weight opera-
tor and a constraint over the physical states respectively. On the other hand, the constraint
M˜mnp corresponding to the super-Pauli-Lubanski three-form was not explicitly recognized.
Interestingly, the latter constraint has already appeared in other contexts of superparticle
quantization using standard spacetime variables [25–27], where an infinite set of ghosts had
1By which we mean a scattering amplitude without considering any delta functions.
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to be introduced and the states of D = 10 super-Yang-Mills theory were properly recov-
ered from the corresponding BRST cohomology. It has also been remarked by Pasqua and
Zumino [28] that in ten dimensions and for N = 1 supersymmetry, imposing the super-
Pauli-Lubanski three-form as a constraint over the physical states -together with the more
standard constraints P 2 = 0 and /PQ = 0 - already fixes the representation completely to be
the gauge supermultiplet. In our model Pm = λγmλ¯ is automatically null since λα is a pure
spinor, and the constraint /PQ is simply related to the B constraint through (/PQ)α = 2λαB.
Thus, given that the constraints (1.3)-(1.5) appear in our description of the superparticle,
it will naturally describe D = 10 super-Yang-Mills theory. Similar remarks hold for the
type IIB version of (1.1).
The infinite set of ghosts that was introduced in [26, 27] can be ultimately traced back
to the fact that the constraint M˜mnp in (1.5) is infinitely reducible when written in a
manifestly covariant fashion:
P [mM˜npq] = − 1
24
(q˜γmnpqλ)B, (λγm)αM˜mpq = 1
3
(λγ[q)α
[
(λγp]λ¯)J − 2Γp]B
]
.
We avoid this infinite-reducibility when uncovering the BRST operator by using the in-
dependent SU(5) components of M˜mnp. This effectively truncates the ghosts-for-ghosts
to two generations, and will prove particularly important in the complementary paper [29]
where we extend the pure spinor twistor superparticle to an anomaly-free ambitwistor string
[30].
As usual, physical states are defined as non-trivial BRST-cohomology elements. One
then finds the D = 10 super-Yang-Mills physical states at ghost number zero, and described
by the twistor superfield
φ(µ,Γ) =
(
s¯+ 2Γma
m
− − 4ΓmΓnsmn
+
1
12
(p¯iγmnpqrp¯i)Γ
mΓnΓphqar+ −
1
24
(p¯iΓmnpqrp¯i)Γ
mΓnΓpΓqhrs
)
eµap¯i
a
, (1.6)
which carries momentum km = λγmp¯i. In (1.6), p¯ia with a = 1, . . . , 5 denotes the gauge-
independent SU(5) components of p¯iα, and hm is a constant vector satisfying hmkm = 1
whose choice does not affect (1.6). Moreover, am = am+ +am− is the gluon polarization, with
(p¯iγm)αa
m− = (λγm)αam+ = 0, and χα = s¯p¯iα + (γmnλ)αsmn + λαs is the gluino polarization,
with (p¯iγm)αsmn = 0. Remarkably, this same wavefunction (1.6) was considered in [21] and
shown to be annihilated by the constraints (1.3) and (1.4). As it turns out, it will be shown
that it is additionally annihilated by the super-Pauli-Lubanski three-form with no further
conditions over the twistor superfield.
This work is organized as follows: In section 2 we review the Berkovits superparticle
model [23]. In section 3 we define pure spinor twistors and perform a redefinition of the
variables in Berkovits’ model in terms of these new variables in order to obtain the new
formulation of the superparticle. This procedure is highly motivated by the fact that
projective pure spinors naturally realize higher-dimensional twistor transforms [7–10]. We
give a brief review of these ideas in Appendix B. Quantization of the pure spinor twistor
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model is performed in section 4. We close in section 5 with some discussions and directions
for further research. In appendix A we review some ideas of BRST quantization that are
useful in sections 2 and 4.
2 Review Of The Berkovits Superparticle Model
In this section we review a model for the ten-dimensional massless superparticle first intro-
duced by Berkovits in [23]. The variables in this model correspond to two ten-dimensional
Majorana-Weyl bosonic spinors of opposite chirality Λα, Ωα, where α = 1, . . . , 16 and a
fermionic vector ψm. In this model, the massless constraint P 2 = 0 is solved as
Pm = (ΛγmΛ)
in virtue of the special D = 10 gamma-matrix identity (γm)(αβ(γm)δ) = 0, where (γm)αβ
and (γm)αβ are the ten-dimensional Pauli matrices. A set of constraints must then be
imposed on the variables in order to recover the 18|8 phase space of the Brink-Schwarz
superparticle [22]. These constraints are given by
Gα = (ΛγmΛ)(γmΩ)
α − Λα(ΛΩ) + ψmψn(γmγnΛ)α, (2.1)
TF = (Λγ
mΛ)ψm, (2.2)
and are not independent in between them as they satisfy the reducibility relation
Hm := (ΛγmG)− 2ψmTF = 0, (2.3)
which is itself reducible:
(ΛγmΛ)Hm = 0. (2.4)
Counting the number of independent constraints it is straightforward to see that we indeed
have eighteen bosonic and eight fermionic independent degrees of freedom.
The action principle is given by
S =
∫
dτ
(
1
2
Λα∂τΩα − 1
2
Ωα∂τΛ
α − 1
2
ψm∂τψm + hαG
α + fTF
)
, (2.5)
which can be readily obtained using the incidence relations connecting the standard super-
space variables (Xm, θα) with the (Λα,Ωα, ψm) variables:
Ωα = (γmΛ)αX
m − 1
2
ψm(γmθ)α, ψ
m = (Λγmθ) (2.6)
over the Brink-Schwarz superparticle action. In addition, the super-PoincarÃľ generators
are realized as
pm = (ΛγmΛ), qα = (γ
mΛ)αψm, M
mn =
1
2
(ΛγmnΩ) +
1
2
ψmψn. (2.7)
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2.1 Canonical Quantization
One can now use standard first-quantization techniques and perform a quantum-mechanical
analysis of the Berkovits superparticle (2.5). We write the standard commutation relations
for the canonical twistor variables as
[Λα,Ωβ] = δ
α
β , {ψˆm, ψˆn} = ηmn. (2.8)
The ψˆm operators can then be represented as SO(1, 9) gamma-matrices (Γm) BA , where
A,B = 1, . . . , 32, so that the ground state is described by a 32-component real spinor;
namely, the reducible spinor representation of SO(1, 9).
Using the commutators one redefines the constraint Gα considering normal ordering
contributions in such a way that the reducibility Hm in (2.3) still holds at the quantum
level:
Gˆα = (ΛγmΛ)(γmΩ)
α − 2Λα(ΛΩ) + ψˆmψˆn(γmγnΛ)α − 4Λα. (2.9)
The quantum constraint algebra is alike the classical one and is given by
[Gˆα, Gˆβ] = −4Λ[αGˆβ], [Gˆα, TˆF ] = −2ΛαTˆF , {TˆF , TˆF } = 0, (2.10)
where TˆF = (ΛγmΛ)ψˆm is the quantum version of (2.2)
As usual, physical states are defined as elements annihilated by the quantum con-
straints. Using the irreducible SO(1, 9) spinor representations, the wavefunction in the
Λ-representation is written as
φα = (Λγ
m)αAm (2.11)
φα = (ΛB)Λα − 1
4
(ΛγmΛ)(γmB)
α, (2.12)
where Am satisfies (ΛγmΛ)Am = 0, and Am, Bα are functions depending on Λα only
through the combinations (ΛγmΛ). One can then readily show that φα, φβ are annihilated
by the constraints
(Gˆδ)α
βφβ = (Gˆ
δ)α
βφα = (TˆF )
αβφβ = (TˆF )αβφ
β = 0. (2.13)
Notice that the constraints in (2.13) have been written in matrix representation using a
suitable identification ψˆm → (Γm)AB.
Finally, the expressions in (2.11), (2.12) can be shown to be invariant under the trans-
formations
Am −→ Am + (ΛγmΛ)F, Bα −→ Bα + (ΛγmΛ)(γmF )α, (2.14)
where F , Fα are arbitrary scalar and fermionic parameters, respectively. One then identifies
Am with the gluon polarization and the gauge-invariant quantity Cα = (ΛγmΛ)(γmB)α
satisfying the massless Weyl equation with the gluino polarization.
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2.2 BRST Quantization
There exists a standard procedure to systematically construct a BRST operator for reducible
gauge systems [31]. This method is based on the geometric structure satisfied by the
constraint algebra on the full phase space. A brief review of this general approach can be
found in Appendix A.
As previously discussed, the Berkovits superparticle model (2.5) is a reducible gauge
system with two levels of reducibility. Following the standard BRST quantization approach
we introduce a generation of ghost variables for each reducibility level. We denote the
zeroth generation of ghosts associated to the constraints Gα and TF by (gα, fα) and (γ, β)
respectively, the first generation of (bosonic) ghosts-for-ghosts by (sm, tm), and the second
generation of (fermionic) ghosts-for-ghosts by (η, ρ). The ghost number assignment is
#gh(gα) = 1, #gh(f
α) = −1,
#gh(γ) = 1, #gh(β) = −1,
#gh(sm) = 2, #gh(tm) = −2,
#gh(η) = 3, #gh(ρ) = −3. (2.15)
The standard BRST operator for the Berkovits superparticle model can be checked to
be given by
Q = gα : G
α : +γTF + sm(Λγ
mf) + sm(2ψ
mβ) + η(ΛγmΛ)t
m
+ 2(Λαgα) : gβf
β : −2(Λαgα) : γβ : −2
[
Λα(γn)αβ(γ
m)βγgγ
]
: smt
n : (2.16)
+ 4(Λαgα) : ηρ : +2η
nmsnsmρ− ηβ2 − 4Λαgα,
where : : means normally-ordered product.
Let us delve deeper into the structure and nilpotency of the BRST operator. The
first few terms correspond to the standard contributions that appear when reducibilities in
the constraints are present. Notice further that all bosonic terms are linear in the ghost
momenta except for the β2 term, in agreement with eqn. (A.29). The precise coefficients
are chosen to ensure nilpotency of the BRST operator. The last term can be understood
as a normal ordering contribution added to have the full quantum BRST operator. Notice
that adding this term is tantamount to the redefinition of Gα in (2.9).
The physical states are found to appear at ghost number zero, in combinations identical
to the ones appearing in canonical quantization. That is,
V = Am(Λγ
m)β|0〉β +
(
(ΛB)Λ− 1
4
(ΛγmΛ)(γmB)
)β|0〉β + ... (2.17)
where the ellipsis stands for terms at higher ghost number, is annihilated by the BRST
operator
QV = 0.
Similarly as in canonical quantization, we identify Am with the gluon polarization states,
and the quantity Cα = (ΛγmΛ)(γmB)α with the gluino polarization states, thus recovering
again the D = 10 super-Yang-Mills physical states.
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3 Pure Spinor Twistor Variables
In this section we relate the twistor-like construction in [21] with the ten-dimensional su-
perparticle [22, 23]. This idea is strongly motivated by the results of [7–10] which establish
the elegant way in which projective pure spinors realize higher-dimensional twistor trans-
forms. A brief review of some of these ideas and results presented in [10] are provided in
Appendix B. We begin this section defining the corresponding pure spinor twistor variables
after which we rewrite the superparticle model in section 2 in terms of these new variables.
Then, a new twistor model containing pure spinors with an appropriate set of constraints
will arise. As we shall see, many properties present in [21] will naturally emerge in this
new approach. Furthermore, extra constraints will be identified and they will be shown to
be related to the super-Pauli-Lubanski three-form which will completely fix the physical
spectrum.
3.1 Definition Of The Pure Spinor Twistor Variables
Pure spinor twistor variables, first considered in [21], are defined as
ZI = (λα, µα, Γm), Z¯I = (µ¯α, −λ¯α, Γ¯m), (3.1)
where λα is a pure spinor, λ¯α is a 16-component Majorana-Weyl spinor, and Γm is a
fermionic vector. The variables defining Z¯I correspond to the canonical conjugates to the
variables defining ZI . By definition the variables are required to solve the constraints
Sm := (λγmλ) = 0, (3.2)
D := λµ = 0, (3.3)
Φmn := (λγmnµ) + 4ΓmΓn = 0, (3.4)
Eα := Γ
m(λγm)α = 0, (3.5)
and are related to standard superspace variables through the incidence relations
Pm = (λγmλ¯), µα = (γmλ)αX
m + Γm(γmθ)α, Γm = (λγmθ). (3.6)
The constraints (3.2)-(3.5) generate the following gauge transformations for the conjugate
variables λ¯α, µ¯α, Γ¯m:
δµ¯α = µαd+ (γ
mnµ)αφmn + (γ
m)αΓm + (γ
mλ)αsm, (3.7)
δλ¯α = −λαd− (λγmn)αφmn, (3.8)
δΓ¯s = 8φmsΓ
m + (λγs), (3.9)
where sm, d, φmn, and α are gauge parameters associated to the constraints (3.2)-(3.5)
respectively. The linearly independent scalar bosonic currents that are invariant under
(3.7)-(3.9) are
J = λµ¯− λ¯µ+ Γ¯mΓm , (3.10)
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K = λµ¯+ λ¯µ . (3.11)
We note that J is essentially the projective weight operator defined in [21]. The constraints
(3.2)-(3.5) induce as well a definition of non-free commutators; namely, those respecting
such constraints. These commutators are given by
[λα, µ¯β] = δ
α
β −
1
2(λν)
(νγm)α(γmλ)β, (3.12)[
λ¯α, µβ
]
=
1
2(λν)
(νγm)α(γmλ)β, (3.13)
[µα, µ¯β] = −ναµβ
(λν)
− µανβ
(λν)
+
1
2(λν)
(γm)αβ(νγ
mµ), (3.14)
[Γm, µ¯β] = − 1
2(λν)
(γpγmν)βΓp, (3.15)
{Γm, Γ¯n} = ηmn − 1
2(λν)
(λγnγmν), (3.16)[
µβ, Γ¯
s
]
=
1
(λν)
(γpγsν)βΓp, (3.17)
where να is a fixed pure spinor νγmν = 0.
The super-PoincarÃľ algebra can be realized with the variables (3.1) through the (gauge
invariant) generators
Pm = (λγmλ¯), (3.18)
Nmn =
1
2
(λγmnµ¯) +
1
2
(λ¯γmnµ)− 2Γ¯[mΓn], (3.19)
q˜α = (λ¯γ
m)αΓm − 1
2
(λγm)αΓ¯m, (3.20)
which are the same super-PoincarÃľ generators as defined in [21]. Indeed, it is straightfor-
ward to check that these representations lead to
{q˜α, q˜β} = 1
2
γmαβPm, [q˜α, Npq] =
1
2
q˜β(γpq)
β
α, [N
pq, P s] = 2ηs[pP q], (3.21)
[Npq, N st] = Npsηqt −N qsηpt −Nptηqs +N qtηps, (3.22)
with other commutators vanishing.
3.2 Field Redefinition And The Super-Pauli-Lubanski Constraint
In order to relate the ten-dimensional superparticle as described in section 2 with the pure
spinor twistor variables we perform a redefinition of the conjugate variables (Λα,Ωα) in
terms of the new ones as
Λα =
λα
γ
+
γ
4(λν)
(νγp)
α(λγpλ¯), (3.23)
Ωα =
µα
γ
− γ
8(λν)
[
Nmn(γmnν)α + JΩ να
]
, (3.24)
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where γ is the ghost associated to the fermionic constraint TF in (2.2), JΩ is the scalar
current JΩ = λµ¯− 3λ¯µ+ 2Γ¯mΓm = 2J −K, and we have further used the fixed pure spinor
να. Similarly, we write the fermionic variable ψm as
ψm =
2Γm
γ
+
γ
2
(λ¯γsγmν)
(λν)
Γs − γ
4
(λγsγmν)
(λν)
Γ¯s. (3.25)
The redefinitions (3.23), (3.24) and (3.25) are manifestly invariant under the transforma-
tions generated by the constraints (3.2)-(3.5). It is also readily checked that the canonical
commutators are preserved under these redefinitions.
In section 2 we saw how to describe the superparticle as subjected to the constraints
Gα and TF in equations (2.1) and (2.2) respectively. Under the previous redefinitions, these
constraints are rewritten as
TF =
γ
2
[
(λ¯γmλ¯)Γm − (λγmλ¯)Γ¯m
]
= γB, (3.26)
Gα = −ΛαJ − 1
8(λν)
(γmnpν)
αM˜mnp, (3.27)
where
M˜pqr = (λγ[pλ¯)Npq] + 1
12
(q˜γpqr q˜) (3.28)
is the super-Pauli-Lubanski three-form, and where we have defined the gauge invariant
quantity
B =
1
2
[
(λ¯γmλ¯)Γm − (λγmλ¯)Γ¯m
]
. (3.29)
This motivates the set of constraints
{J, B, M˜pqr} (3.30)
in the pure spinor twistor framework of the superparticle.
Naively, one might think that (3.30) contains more independent constraints than the
ones imposed by Gα and TF in Berkovits’ model. Actually, one can show that M˜mnp has
only six independent components for a total of seven bosonic and one fermionic independent
constraints. To see this, note that M˜mnp satisfies the reducibility relations
P [mM˜npq] = − 1
24
(q˜γmnpqλ)B, (3.31)
(λγm)αM˜mpq = 1
3
(λγ[q)α
[
(λγp]λ¯)J − 2Γp]B
]
. (3.32)
In a frame where the only non-zero component of λα is λ+ = 1, the SU(5)-components of
M˜mnp, namely (M˜abc, M˜abc, M˜abc, M˜abc), satisfy the relations
M˜bcd = 0, P [aM˜bcd] = − 1
24
abcdeΓ¯eB, (3.33)
P [aM˜b]cd = 0, P [aM˜bc]d = − 1
16
δ
[a
d λ¯
bΓc]B, (3.34)
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where a, b, . . . = 1, . . . , 5. The second of (3.33) and the two equations in (3.34) are not inde-
pendent as one can antisymmetrize them with P a to find they identically vanish. Likewise,
the tensors defined through this antisymmetrization are not independent and the anti-
symmetrization of them with the momentum P a also vanishes. This antisymmetrization
procedure defines a chain of constraints that eventually finishes when there are ten indices
antisymmetrized. One then finds various reducibility relations for the U(5)-components
of M˜mnp, and one is left with 6 components for M˜abc, 20 components for M˜abc, and 10
components for M˜abc. Moreover, equation (3.32) allows one to show that M˜abc, M˜abc are
actually related to the constraints J , B. Therefore, the only independent components of
M˜mnp are given by the six independent components of M˜abc.
Finally, when we rewrite the super-Lorentz currents of the Berkovits’ model in terms
of the pure spinor twistor variables, we obtain
qα = q˜α +
ναγ
2
2(λν)
B, (3.35)
Mmn =
1
2
Nmn − γ
2
64(λν)2
(νγmnγpqrν)M˜pqr. (3.36)
Thus, we see that the Lorentz currents of both models are related to each other up to overall
constants and unphysical terms that give vanishing contributions in the algebra.
4 The Pure Spinor Twistor Superparticle
Considering the maps (3.23), (3.24), (3.25) defined in the previous section, one defines the
pure spinor twistor superparticle action to be
S =
∫
dτ
[
Z¯I∂τZI + J + χB + ΥmnpM˜mnp
]
, (4.1)
where the algebra formed by the first-class constraints J , B, M˜mnp is given by
[J, J ] = 0, [J,B] = B, {B,B} = 0, [J,M˜mnp] = 0, [B,M˜mnp] = 0,
[M˜pqr,M˜stu] = 6(λγ[rλ¯)δ[sp M˜tu]q] −
1
36
(q˜γpqrγ
stuλ)B. (4.2)
The full set of gauge transformations for the supertwistor variables is given by
δλα = jλα +
mpqr
2
P [r(γpq]λ)α, (4.3)
δµα = jµα + κq˜α +mpqr
[
(λγ[r)αN
pq] +
1
2
P [r(γpq]µ)α +
1
6
(q˜γpqrγm)αΓα
]
, (4.4)
δΓm = jΓm − 1
2
κPm +mpqr
[
2P p¯ηmp¯Γq¯ − 1
12
(q˜γpqrγmλ)
]
, (4.5)
δλ¯α = −jλ¯α − λαd− (λγmn)αφmn + mpqr
2
P [r(γpq]λ¯)α, (4.6)
δµ¯α = −jµ¯α − κ
2
(λ¯γm)αΓ¯m + µαd+ (γ
mnµ)αφmn + (γ
mλ)αsm + (γ
m)αΓm
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+mpqr
[
(λ¯γ[r)αN
pq] +
1
2
P [r(γpq]µ¯)α − 1
12
(q˜γpqrγm)αΓ¯m
]
, (4.7)
δΓ¯m = −jΓ¯m + κ
2
(λ¯γmλ¯) + 8φpmΓ
p + (λγm) +mpqr
[
2P r¯δp¯mΓ¯
q¯ +
1
6
(q˜γpqrγmλ¯)
]
, (4.8)
where sm, d, φmn, α are gauge parameters associated to the constraints (3.2)-(3.5) and j,
κ and mpqr are gauge parameters associated to (3.10), (3.29) and (3.28) respectively.
4.1 Canonical Quantization
Following the standard procedure one promotes the first-class constraints to be operators
acting on the Hilbert space and annihilating physical states. The wavefunction φ(Z) must
then satisfy
(J + 1)(φ(Z)) = 0, B(φ(Z)) = 0, M˜mnp(φ(Z)) = 0, (4.9)
where the identity operator in the first equation comes from normal ordering ambiguities
present in the reducibility relation (3.32). The corresponding field annihilated by these
constraints is given by the projective weight -1 wavefunction
φ(Z) = Φ(Γ)eµap¯i
a
, (4.10)
where
Φ(Γ) = s¯+ 2Γma
m
− − 4ΓmΓnsmn
+
1
12
(p¯iγmnpqrp¯i)Γ
mΓnΓphqar+ −
1
24
(p¯iΓmnpqrp¯i)Γ
mΓnΓpΓqhrs. (4.11)
In (4.10), we have used the pureness of λα to set eleven components of p¯iα to zero, so that
one is left with the 5-component vector p¯ia, a = 1, . . . , 5 transforming in the fundamental
of SU(5). Furthermore, am in (4.11) denotes the gluon polarization, am = am+ + am− with
(p¯iγm)αa
m− = (λγm)αam+ = 0, the gluino polarization has been written as χα = s¯p¯iα +
(γmnλ)αsmn +λ
αs, with (p¯iγm)αsmn = 0, and hm is a constant vector satisfying hmkm = 1
whose choice will not affect (4.11) since p¯ia automatically satisfies p¯iγmp¯i = 0. Note that
under the transformation λα → t−1λα, p¯iα → tp¯iα, the physical components appearing in
(4.11) scale as
a− → a−, a+ → a+, s¯→ t−1s¯, smn → smn, s→ ts. (4.12)
Remarkably, this very same wavefunction has already been considered in [21], where the
D = 10 super-Yang-Mills physical fields were shown to appear as φ(Z) = Φ(Γ)eµp¯i carrying
momentum km = λγmp¯i, with λα a projective pure spinor. Furthermore, a constraint
B(φ(Z)) = 0, (4.13)
with
B = (λ¯γmλ¯)Γm − (λγmλ¯)Γ¯m
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had to be imposed. This is effectively the same B constraint considered in this work, but
that we found naturally in our construction of the pure spinor twistor superparticle.
As in [21], the wavefunction (4.10) satisfies the first two physical state conditions in
(4.9). It turns out it also satisfies the third requirement M˜mnp(φ(Z)) = 0. This can be
seen as follows: In the frame where the only non-zero component of λα is λ+ = 1, one can
choose a gauge where the only non-zero SU(5) components of µ¯α, λ¯α, Γ¯m are
(µ¯+, µ¯
ab), λ¯a, Γ¯b, a, b = 1, . . . , 5, (4.14)
transforming in the (singlet, ten-dimensional antisymmetric), fundamental, antifundamen-
tal of SU(5), respectively. In addition, after solving the constraints (3.3)-(3.5), one finds
that the only non-zero SU(5) components of µα, Γm are µj , Γj , respectively. Therefore,
the only independent components of M˜mnp, namely M˜abc, take the form
M˜abc = λ¯[aµ¯bc] + 1
12
abcdeΓ¯dΓ¯e. (4.15)
One can now let M˜abc act on the gluon sector of φ(Z) in (4.11). The contribution coming
from the term proportional to am− exactly cancels the contribution due to the term propor-
tional to am+ . A similar argument follows for the fermionic sector. Hence, we have recovered
the twistor superfield φ(Z) of [21] as the field satisfying the physical state conditions (4.9)
of the pure spinor twistor model. This is not surprising, since the vanishing of the super-
Pauli-Lubanski tensor actually completely fixes the supersymmetry representation in any
spacetime dimension as discussed in [28]. Actually, the D = 10 super-Yang-Mills multiplet
encoded by the twistor superfield φ(Z) must necessarily satisfy this requirement, since the
twistor superfield φ(Z) = Φ(Γ)eµp¯i is exactly the same as the unintegrated vertex operator
of the standard pure spinor formalism U = λαAα after using the incidence relations (3.6).
On the other hand, one might wonder if a similar result regarding the super-Pauli-Lubanski
three-from is valid in the standard pure spinor formalism. The answer turns out to be affir-
mative. More precisely, one can show that the Super-Pauli-Lubanski three-form annihilates
U = λαAα, up to BRST-exact terms.
4.2 BRST Quantization
We find convenient for BRST quantization to consider only the independent components of
the super-Pauli-Lubanski constraint. As discussed before, these components are given by
M˜abc = P [aN bc] + 1
12
(q˜γabcq˜), a, b, c = 1, . . . , 5, (4.16)
and the only non-trivial commutator in the algebra generated by (J,B,M˜abc) is:
[J,B] = B, (4.17)
with other (anti)commutators vanishing.
The non-Lorentz covariant constraint M˜abc is not irreducible. In fact, one can show
that
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Habcd := P [aM˜bcd] + 1
24
abcdeq˜eλ
+B = 0, (4.18)
Labcde := P [aHbcde] = 0, (4.19)
where q˜e is the SU(5) antifundamental vector of q˜α, and λ+ is the SU(5) scalar of the pure
spinor λα.
Following the standard prescription for BRST quantization, we introduce a zeroth gen-
eration of conjugate ghost variables (σ, σ˜), (γ, β), (fabc, f˜abc) for the constraints (J,B,M˜abc)
respectively. The reducibility (4.18) will give rise to the introduction of a first generation
of (bosonic) ghosts-for-ghosts (sabcd, s˜abcd), and (4.19) will imply the presence of a second
generation of (fermionic) ghosts-for-ghosts (fabcde, f˜abcde). The (anti)commutators for the
ghosts are taken as
{f˜abc, fdef} = δabcdef , [sabcd, s˜efgh] = δefghabcd , {f˜abcde, ffghij} = δabcdefghij , (4.20)
where δµ1,...,µpν1,...,νp := δ
µ1
[ν1
. . . δ
µp
νp]
. All ghosts are antisymmetric in their indices. Then, the
BRST operator can be checked to be given by
Q = σJ + γB + fabcM˜abc + σγβ + sabcd
[
f˜abcP d +
1
4!
abcdeq˜eλ
+β
]
+fabcdeP
as˜bcde +
1
5!
(λ+)2abcdefabcdeβ
2 + σ. (4.21)
The terms in the first line of (4.21) arise from the constraint algebra and the reducibility
(4.18). The second line takes into account the reducibility (4.19). The nilpotency of (4.21)
readily follows from the fact that M˜abc has vanishing commutators with all coefficients of
(4.18), (4.19).
Physical states are then found at ghost number zero cohomology and described by the
same twistor superfield (4.10).
5 Discussion and Future Directions
In this work we have developed a model of the superparticle that is clearly intertwined with
the twistor-like construction of [21]. The variables ZI = (λα, µα, Γm), Z¯I = (µ¯α, −λ¯α, Γ¯m)
naturally appear in this formulation, and we have rediscovered the constraints J and B al-
ready present in [21]. Additionally, we have found that our formulation presents a constraint
M˜mnp := P[pNmn] +
1
12
(q˜γmnpq˜) = 0, (5.1)
which was not recognized in [21] and that corresponds to the super-Pauli-Lubanski three-
form. Furthermore, we found that the superfield considered in [21] is not only annihilated
by B, but by the constraint (5.1) as well. We found the model, and specially the associated
constraints, by relating a set of variables from another model of the superparticle [23] to
the pure spinor variables used here, and studied quantization of both models.
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Many further directions of research arise from this work. First and foremost, one may
straightforwardly generalize the construction presented here to its type IIB version through
a simple extension of the supertwistors (3.1) including an additional set of constrained
fermionic variables. More interestingly, one can promote the superparticle model presented
here to a worldsheet action in order to consider interactions and possibly recover the ampli-
tudes construction presented in [21]. A specific instance of this idea consists in promoting
the pure spinor twistor superparticle action into an ambitwistor string action [30], which
is worked out in the complementary paper [29]. It would be very interesting to study if
further worldsheet actions, perhaps with non-zero string tension, may be constructed using
the ideas presented in this work. In [32], for instance, the ideas presented in the Berkovits’
superparticle model [23] were applied to the superstring. Similar ideas may be applied using
the pure spinor twistor variables as a basis.
A different route for further research would be to work out similar constructions for the
D = 11 superparticle in terms of matter pure spinor variables and imposing, as a definition
of the model, the super-Pauli-Lubanski three-form as a constraint. Following Pasqua and
Zumino [28], imposing this constraint would fix the spectrum to be the eleven-dimensional
supergravity multiplet. Similarly, one might try to find the Type IIA extension of the
D = 10 model here presented. Presumably, this will require a twistor transform which
considers opposite chiralities instead of a single chirality.
Although we found the physical states in the BRST quantization of the Berkovits’
superparticle model at ghost number zero in (2.17), it would be interesting to study further
ghost number sectors and see if extra fields appear in the BRST-closed states. This will
probably require to consider the action of the non-scalar ghosts over their respective ground
states.
For the BRST quantization of the pure spinor twistor superparticle, we expressed the
BRST operator in terms of the independent components M˜abc of the super-Pauli-Lubanski
three-form. This will prove to be particularly useful for the construction of the correspond-
ing anomaly-free ambitwistor string in [29], although it would be interesting to study BRST
quantization considering the full M˜mnp constraint in the BRST operator.
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A BRST Quantization for Reducible Gauge Systems
We will briefly review the ideas developed in [31] for quantizing systems possessing reducible
gauge symmetries. Let Ga0 be a constraint of the L-reducible gauge system satisfying
[Ga0 , Gb0 ] = fa0b0
c0Gc0 where fa0b0c0 is, in general, a function of the matter variables.
With no loss of generality, Ga0 will be assumed to be bosonic. The general case easily
follows from this by grading commutators where needed. Let us denote the reducibility
functions of level k by Zak
ak−1 , therefore
Za1
a0Ga0 = 0, (A.1)
Za2
a1Za1
a0 = fa2
a0b0Gb0 , (A.2)
...
ZaL
aL−1ZaL−1
aL−2 = faL
aL−2b0Gb0 . (A.3)
Before constructing the BRST charge, it will be useful to first discuss a set of identities
coming from the reducibility structure (A.1)-(A.3). One then starts with the Jacobi identity
[[G[a0 , Gb0 ], Gc0]] =
[
−fa0b0d0fc0d0e0 + ∂c0fa0b0e0
]
Ge0 , (A.4)
where Ua0b0c0a1 is a function of matter variables, completely antisymmetric in a0, b0, c0, and
we used the notation ∂a0F = [F,Ga0 ]. One then learns that
−f[a0b0d0fc0]d0e0 + ∂[c0fa0b0]e0 = −
2
3
Ua0b0c0
a1Za1
e0 , (A.5)
where the overall factor −23 was chosen for convenience. In addition, one can take a deriva-
tive ∂b0 on both sides of eqn. (A.1) to obtain[
Za1
a0fb0a0
d0 − ∂b0Za1d0
]
Gd0 = 0, (A.6)
and so
Za1
a0fb0a0
d0 − ∂b0Za1d0 = −Da1b0b1Zb1d0 . (A.7)
After taking a further derivative on eqn. (A.5) and using eqns. (A.1), (A.2) one finds that
2
3
∂[d0Ua0b0c0]
b1 +
2
3
U[a0b0c0
a1Da1d0]
b1 + f[a0b0
g0Uc0g0d0]
b1 = Ma0b0c0d0
a2Za2
a1 , (A.8)
whereMa0b0c0d0a2 is a function of matter variables, completely antisymmetric in a0, b0, c0, d0,
and it is subjected to the consistency condition
Ma0b0c0d0
a2fa2
e0g0 =
1
2
[f[a0b0
e0 , fd0c0]
g0 ]. (A.9)
On the other hand, a further derivation on both sides of eqn. (A.7) and the use of eqns.
(A.1), (A.2), (A.5) provide us the identity
∂[e0Da1b0]
b1 −Za1a0Ue0b0a0b1 −
1
2
fb0e0
h0Da1h0
b1 +Da1[b0
b1Db1e0]
b1 = Se0b0a1
a2Za2
b1 , (A.10)
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where Se0b0a1a2 is a function of matter variables, completely antisymmetric in e0, b0, and it
is subjected to the consistency relation
Se0b0a1
a2fa2
f0h0 =
1
2
[fb0e0
f0 , Za1
h0 ]− 1
2
[fb0e0
h0 , Za1
f0 ]. (A.11)
Moreover, a similar derivation procedure applied to eqn. (A.2) gives us the identity
∂e0Za2
a1 + Za2
f1Df1e0
a1 = Ne0a2
b2Zb2
a1 , (A.12)
where Ne0a2b2 is a function of matter variables and satisfies the consistency equation
Ne0a2
b2fb2
a0b0 = ∂e0fa2
a0b0 + fa2
a0g0fg0e0
b0 − fa2g0b0fe0g0a0 . (A.13)
One more identity can be found by multiplying by Za1b0 on both sides of eqn. (A.7) and
symmetrizing the first level reducibility indices
Z(d1
b0Da1)b0
b1 = Rd1a1
a2Za2
b1 , (A.14)
where Rd1a1a2 is a function of matter variables, completely symmetric in a1, b1, and satisfies
Rd1a1
a2fa2
b0d0 = [Z(d1
b0 , Za1)
d0 ]. (A.15)
We will stop here since these identities are the only relevant ones for the construction
of the BRST charge of the 2-reducible supertwistor model (2.5), as we shall see below.
However, the procedure above illustrated can easily be continued to find a complete set
of identities satisfied by the reducibility functions Zak
ak−1 , fak
ak−2a0 and the structure
coefficients fa0b0c0 of a general L-reducible model.
To construct the BRST charge, one first introduces a couple of conjugate ghost variables
(ηak ,Pk) for each reducibility relation of the form (A.1)-(A.3). The assignment of ghost
number is
#gh(ηak) = k + 1, #gh(Pak) = −k − 1, k = 0, 1, . . . , L, (A.16)
and the antighost number is
#antigh(ηak) = 0, #antigh(Pak) = k + 1, k = 0, 1, . . . , L. (A.17)
One then expands the BRST operator Q in terms of functions of fixed antighost number
Q =
N∑
p=0
Ω(p), (A.18)
where the antighost number of Ω(p) is p. The nilpotency property of Q then requires
{Q,Q} =
N∑
p=0
B(p) = 0, (A.19)
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where B(p) possesses antighost number p and takes the form
B(p) =
p∑
k=0
{Ω(p−k),Ω(k)}o +
p+1∑
k=0
k∑
s=0
{Ω(p−k+s+1,Ω(k)}ηas ,Pas . (A.20)
Therefore one learns from eqn. (A.19) that
B(p) = 0 for p = 0, 1, 2, . . . (A.21)
One can now use the recursive formula (A.19) and find Ω(p) for each p = 0, 1, . . . , L. There
is only one object constructed out of ghost fields and reducibility functions carrying ghost
number 1 and antighost number 0, namely
Ω(0) = ηa0Ga0 . (A.22)
After plugging (A.22) into (A.20) for p = 0, one finds
B(0) = fa0b0
c0ηa0ηb0Gc0 + 2
∂Ω(1)
∂Pa0
Ga0 , (A.23)
which leads us to the formula
Ω(1) = Za1
a0ηa1Pa0 −
1
2
fa0b0
c0ηa0ηb0Pc0 . (A.24)
One can now replace eqns. (A.22), (A.24) in (A.20) for p = 1 to find
B(1) = [∂e0fa0b0
c0 − fd0b0c0fa0e0d0 ]ηe0ηa0ηb0Pc0 − 2[∂b0Za1a0 + fd0b0a0Za1d0 ]ηb0ηa1Pa0
+2
∂Ω(2)
∂Pa0
Ga0 − 2
∂Ω(2)
∂Pa1
Za1
a0Pa0 . (A.25)
The use of the identities (A.5), (A.7) and the reducibility relations (A.1), (A.2) allows us
to write
Ω(2) = −1
3
Ua0b0c0
a1ηa0ηb0ηc0Pa1 −Db0a1b1ηb0ηa1Pb1 + Za2a1ηa2Pa1 −
1
2
fa2
a0b0ηa2Pa0Pb0 .
(A.26)
Finally one plugs eqns. (A.22), (A.24), (A.26) into (A.20) to arrive at the formula
B(2) = Ma0b0c0d0
a2Za2
a1ηa0ηb0ηc0ηd0Pa1 + 2Se0b0a1a2Za2b1ηe0ηb0ηa1Pb1 − 2ηb0ηa2Ne0a2b2Zb2b1Pb1
+ηe0ηa2Pa0Pb0
(
∂e0fa2
a0b0 − 2fa2f0a0ff0e0b0
)
− 2ηa1ηf1Pb1Ra1f1a2Za2a1
+ηa1ηb1Pa0Pf0 [Za1a0 , Zb1f0 ]− ηa1Pa0ηf0ηd0Pe0 [Za1a0 , ff0d0e0 ]
+
1
4
ηa0ηb0Pc0ηf0ηd0Pe0 [fa0b0c0 , ff0d0e0 ] + 2
∂Ω(3)
∂Pa0
Ga0 − 2
∂Ω(3)
∂Pa1
Za1
a0Pa0
+2
∂Ω(3)
∂Pa2
(
Za2
a1Pa1 −
1
2
fa2
a0b0Pa0Pb0
)
. (A.27)
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The identities (A.8), (A.11), (A.10), (A.11), (A.12), (A.13), (A.14), (A.15) and the re-
ducibility relations (A.1)- (A.3) then allows us to conclude that
Ω(3) = −1
2
Ma0b0c0d0
a2Pa2ηa0ηb0ηc0ηd0 − Se0b0a1a2ηa1ηe0ηb0Pa2
+Ne0a2
b2ηe0ηa2Pa2 +Rd1a1a2ηd1ηa1Pa2 . (A.28)
In this manner, the BRST operator for a 2-reducible gauge system reads
Q = ηa0Ga0 + Za1
a0ηa1Pa0 −
1
2
fa0b0
c0ηa0ηb0Pc0 −
1
3
Ua0b0c0
a1ηa0ηb0ηc0Pa1
−Db0a1b1ηb0ηa1Pb1 + Za2a1ηa2Pa1 −
1
2
fa2
a0b0ηa2Pa0Pb0
−1
2
Ma0b0c0d0
a2Pa2ηa0ηb0ηc0ηd0 − Se0b0a1a2ηa1ηe0ηb0Pa2
+Ne0a2
b2ηe0ηa2Pa2 +Rd1a1a2ηd1ηa1Pa2 . (A.29)
B Review of Higher-Dimensional Twistor Transforms using Projective
Pure Spinors
In this appendix we quickly review the main results of [10] which states that higher-
dimensional twistor transforms are naturally realized by projective pure spinors. Let us start
with the D = 2n massless Klein-Gordon equation of motion for a scalar field ∂m∂mΦ(X)
= 0, where m = 1, . . . , 2n, which can be automatically solved by the identification
Φ(z, z¯) =
∮
du
n(n−1)
2 f(u, v)|vj=zj+ujk z¯k , (B.1)
where f(u, v) is a holomorphic function and z is the complex coordinate defined through
the relation zj = X2j−1 + iX2j , where j = 1, . . . , n and is related to u, v via
vj = zj + ujkz¯k, (B.2)
with ujk = −ujk. The contour integral in (B.1) is chosen arbitrarily.
In order to write eqn. (B.1) in a Lorentz-covariant way, one needs to introduce projec-
tive pure spinors together with a well-defined measure on the space spanned by these ones.
One then defines a projective pure spinor in d = 2n even dimension as a 2n−1-component
chiral spinor λα satisfying the constraints
λγm1...mn−4λ = 0 , λγm1...mn−8λ = 0 , λγm1...mn−12λ = 0 , . . . (B.3)
where (γm)αˆβ , (γm)αβˆ are the Pauli matrices of SO(2n), and the identification
λα ∼ Cλα, (B.4)
for some arbitrary complex parameter C. The antichiral spinor wαˆ defined as
wαˆ = (γ
m)αˆβλ
βXm (B.5)
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then satisfies the relations
λγm1...mn−3w = 0 , λγm1...mn−5w = 0 , λγm1...mn−7w = 0 , . . . (B.6)
Note that αˆ and α in (B.5) belong to different irreducible spinor representations when n
is even, and belong to the same irreducible representation when n is odd. Eqn. (B.5) is
nothing but the Lorentz-covariant version of eqn. (B.2).
To write a well-defined measure on the projective pure spinor space, namely SO(2n)/U(n),
one introduces the tensor T [α1...αR](β1...βs) which is fully antisymmetric in its first R =
2n−1 − 1 − n(n−1)2 indices, and fully symmetric in its last S = (n−2)(n−3)2 indices, and
satisfies the constraints
(γm1...mn−4)β1β2T
[α1...αn](β1β2...βn) = 0, (γm1...mn−8)β1β2T
[α1...αn](β1β2...βn) = 0, . . . (B.7)
An explicit way to construct this tensor is given in [10]. One can then use this object to
define the Lorentz-invariant measure over the coset space SO(2n)/U(n)
[dλ]D=2n =
1
(λC)S
α1...αn(n−1)
2
δβ1...βRdλ
α1 ∧ . . . ∧ dλαn(n−1)2 λδT [β1...βR](σ1...σS)Cσ1 . . . CσS ,
(B.8)
where Cα is a constant antichiral spinor. To see that (B.8) is Lorentz-invariant, one needs
to show that (B.8) is independent of the choice of Cα. As discussed in [10], this immediately
follows from the fact the only components of Cα which contribute in (B.8) are the ones
which are SU(n) singlets but U(n) charged. Since the number of C’s in the numerator is
the same as the ones appearing in the denominator, the measure (B.8) is independent of
Cα.
Therefore, the twistor transform formula (B.1) written in Lorentz covariant form is
given by
Φ(X) =
∫
[dλ]D=2nF (λ,w)|wαˆ=(γm)αˆβλβXm , (B.9)
where F satisfies the homogeneity condition F (hλα, hwαˆ) = h2−2nF (λα, wαˆ).
To describe massless D = 2n higher-spin fields, one easily generalizes (B.9) to the
twistor transform formula
Φ(X)(α1...αN ) =
∫
[dλ]D=2nλ
α1 . . . λαNF (λ,w)|wαˆ=(γm)αˆβλβXm , (B.10)
where N is positive. Since λα is a pure spinor, it satisfies (γm)αˆβ(γm)δˆλ
βλ = 0, and
therefore
(γm)αˆβ1∂mΦ(X)
β1β2...βN = 0. (B.11)
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